DCPT- 10/17; arXiv: 1005.4942 [hep-th] 

On lightest baryon and its excitations in large- A/^ 1 + 1 dimensional QCD 

Govind S. Krishnaswami 

Department of Mathematical Sciences & Centre for Particle Theory, 
Q I Durham University, Science Site, South Road, Durham, DHl 3LE, UK 

(N 

bJO' Chennai Mathematical Institute, 

Padur PO, Siruseri 603103, India. 



< 



in 

o 



X 



e-mail: govind . kri shnaswamiOdurham .ac.uk 



^ ; July 31, 2010 

Abstract 

^: 

T^^ . We study baryons in multicolour QCD i+i via Rajeev's gauge-invariant reformulation 

as a non-linear classical theory of a bilocal meson field constrained to lie on a Grassman- 
CN ■ nian. It is known to reproduce 't Hooft's meson spectrum via small oscillations around 

pg ■ the vacuum, while baryons arise as topological solitons. The lightest baryon has zero 

Tij- ', mass per colour in the chiral limit; we find its form factor. It moves at the speed of light 

Q|^ I through a family of massless states. To model excitations of this baryon, we linearize 

equations for motion in the tangent space to the Grassmannian, parameterized by a bilo- 
cal field U . A redundancy in U is removed and an approximation is made in lieu of a 
^ I consistency condition on U . The baryon spectrum is given by an eigenvalue problem 

for a hermitian singular integral operator on such tangent vectors. Excited baryons are 
like bound states of the lightest one with a meson. Using a rank- 1 ansatz for L'^ in a 
variational formulation, we estimate the mass and form factor of the first excitation. 
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1 Introduction and summary 

An interesting problem of theoretical physics is to find the spectrum and structure of hadrons ID from 
QCD. Besides direct numerical approaches, we are far from formulating this problem in 3+ Id, though 
there has been recent progress in the 2+ Id pure gauge model [6, 7|. In 1 + ld, 't Hooft obtained[2| an 
equation for masses and form factors of mesons in the multicolour N ^ oo limit of QCD. There are an 
infinite number of them with squared-masses growing linearly M^ ~ g^n . The coupling g^ - g\i^N 
has dimensions of mass^, so the model is UV finite. Our aim is to do the same for the spectrum 
of baryons in QCDi+i. Baryons are more subtle than mesons, it hasn't been possible to extend 't 
Hooft's summation of planar diagrams to find the baryon spectrum|3 1. A way forward was shown 
in Rajeev's formulation H |5l of QCD^^j'" as a non-Unear classical theory of quark bilinears {meson 
fields) on a curved phase space. As A'^ ^ oo , gauge-invariant bilinears M have small fluctuations 
and satisfy non-linear classical equations, though fi = \. Some non-linearities are due to a constraint 
on M encoding Pauli exclusion, 't Hooft's meson equation was rederived by considering oscillations 
around the vacuum, with masses of OiN'^). But the model also has large departures from the vacuum, 
describing baryons with masses of 0{N) . They live on a disconnected component of phase space, 
an infinite Grassmannian with components labelled by baryon number. This formulation gave a 
qualitative picture llT0l[T2l of the baryon (as a soli ton of the meson field and as a bound state of quarks) 
and estimates for the mass and form factor of the lightest baryon|0. The latter was in reasonable 
agreement with numerical calculations [8]. They were also used to model the ;cb -dependence of the 
nucleon structure function Fi,{xb, Q^) measured in deep inelastic scattering lITOlfTTI . 

Here we wish to derive an equation for the spectrum of small oscillations around the lightest 
baryon, to describe excited baryons or baryon-meson bound states. For simplicity we consider 1 
quark flavour, so these correspond to the nucleon resonances /'n,Di3,5ii,Di5 etc 111- There may 
also exist heavier baryonic extrema of energy, analogs of A, A . Their investigation and oscillations 
around them is postponed. Oscillations near a baryon are harder to study than near the vacuum (©. 
To begin, we need the precise baryon ground state (g.s.). The form factor of the lightest baryon is 
well-described by a single valence quark wavefunction i/r. In the chiral limit of massless quarks, the 
g.s. is exactly determined via ifr. We find if/ exactly and establish that the lightest baryon has zero 
mass/colour (|4]l, like the lightest meson [2]. The soliton has a size ~ P~^ where P is the mean null- 
momentum/colour of the baryon. Being massless, the baryon moves at the speed of light traversing 
a 1 -parameter family of even parity massless states. The probability of finding a valence quark with 
positive null-momentum between [p,p + dp] in a baryon is P~^ exp{-p/P) dp. Away from the 
chiral limit, the g.s. of the baryon is massive, containing sea and antiquarksfTP]. Here we work in the 
simpler chiral limit. It is possible to derive 1 10 1 this soliton picture as a Hartree-Fock approximation to 
A^ quarks interacting via a linear potential, with wavefunction antisymmetric in colour but symmetric 
otherwise. This is a way of seeing that the baryon is a fermion and that N is an integer. 

As in 't Hooft's work, excitations around the translation-invariant Dirac vacuum were described 
by Rajeev[4j using a meson 'wavefunction' x{^). Around a non-translation-invariant baryon, we 
need the N ^ oo limit of a bilocal field M{x,y) ~ q''\x)qa(y)/Nu. The vacuum is M = while the 
baryon g.s. is M,, - -2iJ/iJ/^ . A complication arises from a quadratic constraint (e -i- M)^ - 1, the 
'quark density matrix' must be a projection operator, up to normal ordering. We ensure it is satisfied 
at all times ( 91.21) . and when making approximations ( 95.41 ). Pleasantly, when linearized around the 
baryon M = Mo + V , the constraint [e -i- Mo, V]+ = encodes an 'orthogonality' of ground and 



'We work in a gauge where the parallel transport from x to y is the identity. 



excited states crucial for consistency of the linearized equations ( 95.5I ). This condition generalizes 
the vanishing dot product of radius e + Mg and tangent V to a sphere. Roughly, V is a meson and 
Mo + y is a meson-baryon pair. If M„ = we return to mesonic oscillations around the Dirac 
vacuum. Due to translation invariance around M„ = 0, the bilocal field V{p, q) ~ xi^) could be taken 
to depend only on ^ = p/{p - q) and not on the 'total momentum' p-q. This simplification is absent 
near the baryon ( 95.61 ). So in 95.1l we solve the constraint [e + Mo, V]+ - via another bilocal field 
V - i[e + Mo, U] . But there is a gauge freedom under U ^ U + Ug where [e + Mg, Ug] = 0. We 
gauge-fix the redundancy ( 95.21 ) by writing U in terms of a vector u and another bilocal field U*' 
a fourth the size of U . Roughly, m is a correction to the valence quarks ifr, due to the excitation. 
U^' has the corresponding data on sea/antiquarks in the excited baryon. The gauge fixing conditions 
ifj^u = and i/^^ U*' = are interpreted as orthogonality of ground and excited states. But the naively 
linearized equations don't preserve these conditions! The gauge freedom at each time-step is used 
to derive linearized equations respecting the gauge conditions ( 95.71 ). Though the equations for U*' 
and u are linear, we weren't able to find oscillatory solutions by separation of variables. For, they 
couple u, U*' and their adjoints, like a Schrodinger equation where the hamiltonian depends on the 
wavefunction and its conjugate! So in 95.8l we put u - Q, allowing us to separate variables and find 
oscillatory solutions, at the cost of a consistency condition on U*' (l66l ). Regarding V as a meson, we 
expect it contains a quark-antiquark sea but no valence quarks u . This motivates the u -0 ansatz. 

We are left with an eigenvalue problem K{U) = odU (1681 ) for the form factor U^' . We show 
that the Unearized hamiltonian K is hermitian using the gauge condition and the ansatz u - 0. In 
the chiral limit, the mass^ of excited baryons are yVt^ - IcoP, where P is the lightest baryon's 
momentum. But the eigenvalue problem for K is quite non-trivial. It is a singular integral operator 
on a 'physical subspace' of hermitian operators. This space of physical states U^' consists of Hilbert- 
Schmidt operators subject to the gauge and consistency conditions (^Gl). The eigenvalue problem for 
the baryon spectrum follows from a variational energy £. In 95.91 we suggest a rank-1 variational 
ansatz U*' = cpij^ . (p,r] are the sea/antiquark wavefunctions of the excited baryon. The kinetic terms 
in £ difi'er from the naive ones due to linearisation around a time-dependent g.s. The potential energy 
is a sum of Coulomb energy (attraction between anti and sea-quarks) and exchange energy (between 
sea-partons and 'background' valence quarks ifr). In 95. 101 we obtain a crude estimate for the mass 
and form factor of the first excited baryon by minimising £ in a parameter controlling the decay of the 
sea quark wavefunction. But our estimate for the mass of the 1st excited baiyon .3gN isn't expected 
to be accurately or an upper bound, as we imposed the gauge-fixing condition but not the consistency 
condition from the ansatz u = 0. In ^G]we try to solve this consistency condition. A more careful 
treatment will hopefully give a quantitative understanding of the baryon spectrum. 

1.1 Summary of Classical Hadrondynamics 

We begin by recalling Rajeev's reformulation [4] of QCD^^j'" as a classical theory of meson fields. 
In null coordinates x = x^,t = x^ - x^ we specify initial values on the null line t = 0. Energy E = 
Pt - po and null-momentum p = Px - Po+Pi obejO m^ = 2Ep-p^ . In the gauge Aj = Aq +Ai = 0, 
one component of quarks and the gluon Ai are eliminated. For quarks of one flavour and N colours 
a,b, the action of SU(A'^) QCD i+i represents fermions Xa interacting via a linear potential 



s= J dtdxx"^" [-id, -^(p + 'f)]xa -§jj dtdxdyx'^"(y)xb(y)\x - yk''\x)xa{x). 



(1) 



^From 't Hooft's workfJl the mass of the 1st excited meson in the chiral limit is about 1.4^. 
^Under a Lorentz boost of rapidity , / — > fe" and x — > e^^x - t sinh 9 . 



M{x,y) = -jj '■X^"ix)Xa(y)' with x,y null-separated, defines a gauge-invariant bilocal field. Normal- 
ordering is with respect to the Dirac vacuum. E and p have the same sign, so -ve momentum 
states are filled in the vacuum and we split the 1 -particle Hilbert space TY = L^(R) = TY- © ']-(+ 
into + momentum stateo Canonical anti-commutation relations (CAR) for x^x'^ from ([T]) imply 
commutation relations for M , with fluctuations of order l/N. As N ^ oo, M tends to a classical 
field M , the integral kernel of a hermitian operator on TY . Poisson brackets of M are given by 

(i/2) {Mix, y), M{z, u)} = diz - y)<i>ix, u) - 6{x - m)0(z, y). (2) 

<^ = e + M where e is the Hilbert transform kernel e{p,q) = 2n6{p - q)sgnp, or e{x,y) = 
j;P (x - yy^ . The CAR imply a constraint as N ^ oo, (^^ - I: eigenvalues of O are -1 (singly- 
occupied) or 1 (unoccupied). O = e is the vacuum. Thus the phase space is a Grassmannian H 

Gri ^ [m : M"^ = M, {e + Mf = I, tr \[e, M]f < ooj , (3) 

the symplectic leaf of O = e under the coadjoint action of a restricted unitary group 1*4 ] . The coadjoint 

J. 
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{fu, fv) - 5 tr [m, v](D = /_i[„,,] + i tr [u, v]e. (4) 



orbit formula for Poisson brackets of linear functions of M , /„ = - i tr uM is 



The connected components of Gri are labelled by an integer 5 = -^ tr M (^E]), quark number per 
colour, or baryon number. An analogue of parity is PMpq{t) = Mqp{-t) or VMxy{t) = Ml^ J-t). 
E.g. static real symmetric M are even and imaginary antisymmetric M are odd. From ([D, the 
energy/colour is a parity-invariant quadratic function on Gr i , 

E{M) = -^I ^l^p + ^^Mip,p)[dp] + ^l\M{x,y)\^\x-y\dxdy. (5) 

The current quark mass m is renormalized p^ - m^ - — while reordering quark bilinears. The 
kinetic-energy T = -^ tr hM is expressed in terms of the dispersion kernel 

h{p, q) = 2nd{p - q)h{p) where 2 h{p) = p + p^p'^ ■ (6) 

Define a positive 'interaction operator' on hermitian matrices G : M i-> G{M) = Gm with kernel 
G{M)xy = jMxy\x - y\ (E]l- Then the potential energy is 

U =^\x MG{M) = '^Jdxdy \M{x, y)\^\x-y\>0. (7) 

In Fourier spacqj G{M)pq = -J ^Mp+r,q+r- We also associate to M a constant of motion ( ^A)) . its 
mean momentum per colour Pm- Under a boost, P -^ e^P, E — > e'^E + p sinh 9. 

Pm = -2 tr pM - -i / pMip, p)[dp] where pip, q) = ln5{p - q)p. (8) 

The squared-mass/colour yVl^ - 2EP - /"^ is a Lorentz-invariant constant of motion. Hamilton's 
equations of motion (com) are the initial value problem (IVP) 

^^ = ^{E{M),M] = [E\M),e + Ml (9) 



''Our convention for Fourier transforms is tf/(x) = [[dp] e''"'i^(p) wfiere 2n [dp] = dp. 
^ In Fourier space, M{p,q) = /dxdye"'*'""'''''M„, . We write M,,, for M{p,q) and M„. for M{x,y). 
*This uses v(x) = ^|x| = -f Iil|ie"'" got by solving v"{x) = d(x) witli v(0) = v'(0) = 0. We used the definition of finite 
part integrals (© to put /~ lid = o and /^ 1^ = 0. 



The P.B. is expressed via the commutator using the variational derivative of energy, which is inhomo- 
geneous Unear in M, E' = T' + U' = -h/2 + (g^/4)(j(M). Its matrix elements are 



E'{M)pg^-n6{p-q)h{p)+'^G{M)p, where ^'(M),, = ^ = f^M.^.. (10) 

1.2 Preservation of quadratic constraint under time evolution 

We check that Q preserve the constraint ^^ = I . Define the constraint matrix C(t) = O^ - I and let 
C(0) = 0. We have an autonomous system of 1st order non-linear ODEs 

dtC = d,{e + Mf = {e + M, dfM]^ = -2i[0, [£",(!)]]+ - -2i[£"(M(0), 0^(0] . (1 1) 

Under suitable hypotheses, it should have a unique solutioi£| given C(0). Now consider the guess 
Cgit) = 0. It obeys (E]) as both sides vanish: dtCg{f) = and -2i[E', ^^{t)] = -2i[£", /] = 0. Thus 
Cg{t) = is the solution: constraint is always satisfied. 

2 Ground state in S = meson sector 

In the non-interacting case f = 0, M^Oisa static solution since the com are 

^Mpg - \Mpg [q-p + m^{^^- i)] when ^ ^ 0. (12) 

Rhs= iff M^O, so it is the only static solution if g = 0. Even with interactions, M = is static: 
dtM = {E{M), M} ^ at M = ©. But even at M = 0, £"(0) ^ -nSip - q)h{p) does not vanish! 
Does the gradient of energy vanish at M = 0? Yes. To see why, first note that M = is a static 
solution as £'(0) and e are diagonal in momentum space. By ^ 

dtM = -2i[E\M), € + M]\m=o - -2i[E'{0), e] - 0. (13) 

E'{M) = is sufficient, but not necessary for a static solution. -2/[£"(M), O] is the symplectic 
gradient of energy at M . The contraction of the exterior derivative of energy with the Poisson bivector 
field produces the Hamiltonian vector field. So the (symplectic) gradient of energy does vanish at 
M = 0. The state M -Q has zero mass At and qualifies as a g.s. 

3 Small Oscillations about vacuum and 't Hooft's meson equation 

We recall the equation for mesons IH |4l by considering small oscillations about the vacuum. Let V 
be a tangent vector at the translation-invariant M = 0. Constraint O^ = / becomeq^ [e, y]+ = or 

Vp^ {sgnp+sgnq)^0 ^ V^ (0, V'^ \ V'-, 0). (14) 

Vpp = 0, so y has zero mean momentum Py ©■ But the generator Pt = p - q of translations 
Mxy — > Mj(+a,y+a , Mpq -^ c^'-P"''^" M pq may be regarded as total momentum. So we pick independent 
variables P, and ^ - p/Pt- We write V*' = xiPt,^, 0- Hermiticity implied 

V-'(p,q,t)=XiP„^,t) with riP„^,t)=Xi-P,A-^,t)- (15) 



^Rhs is a cubic function of (i> . Picard iteration should establish that the solution to dill ) exists and is unique. We may 
need technical hypotheses (besides tr |[6, M(0)]|" < oo ^Ejl on <I)(0), to ensure observables (e.g. energy) remain finite. 
* Vp„ : 'H- — > 'H+ has entries with p > > q, (V* )' = V^* . We separate matrix rows with | . 
' P, > in the +- block while P, < in the -+ block, but ^ 6 [0, 1] always. 



^ is the quark momentum fraction. For small oscillations about M = of energy oj - pQ snq put 

V;-q{t)=x{PuO^'"" and V'p;(0-;r(/'r,^)e-'"' for aj€R. (16) 

Parity acts as Vx - X* ■ The simplest x obeying (IT5] ) are independent of Pt with x*{^) = X(\~0- So 
even parity states are real with xi^) = x(\-^) and odd parity ones imaginary with x(.^) - -xiX - ■ 
The norm ^ on V implies the L^ norm on x(^) upto a divergent constant. The linearized com are 

i V - [E'{V), <&] - [r' + \fG(V), <&] - [r', V] + f [G(V), e] + 0{Vh 
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.2 / [di], 



^dtVpq = -\ {hip) - h{q)) Vpq-^{ sgn q - sgn p) f —pVp+,^q+s. (17) 



Put T]' = s/Pt to get an eigenvalue problem for co. It is rewritten as 't Hooft's equation for the squared- 
masses Al^ = 2ajPt - PJ with quarks of equal mass [21 (/i^ = m^ - —, rj - ^ + rj'). For instance, 
with fi^ - 0, the eigenstates alternate in parity XniO ~ i""' sin(?i7r^) with mass^ A\fj « nng^ . 



fm) = -\ 









^P, Pt-^Pt_ 
M^XiO = (t + T—^Xi^) - T / TF^dT?. (18) 






4 Ground state of baryon 



The trajectories M^it) of least mass on the B = 1 component are the baryonic g.s, they depend 
on m,g. The chiral limit is m ^ holding g fixed, v = np- Ig^ -^ 0. Regarding QCDi+i as an 
approximation to QCD3+1 on integrating out directions ± to hadron propagation, g"^ ~ (9( transverse 
hadron size). So the chiral Mmit should describe u/d quarks, that are much lighter than the size of 
hadrons. But it is hard to find the g.s. from the non-linear eom Q. Inspired by valence partons, we 
found that the g.s. is approximately rank-1 ||9l[T0l[T2l. M - -lif/ifr^ lies on the B = I component if 
^ is a +ve momentum (et// = tfr) unit vector. We guessed that a minimum mass +parity state io 

Mopq = -^e-^ e{p)9{q), ^o(p) = ^e'^9(p), M^) = -^ [(^pfMl] ■ (19) 

In 94.11 we show ( fT9b has zero mass as v — > . In 94.21 we show it is one of a family of degenerate 
massless states connected by time evolution. M, is thus a baryon g.s., 

Mtpq = mpqe^p-'M\ mp) = ^'"^'^oip), Ux) - ^ [^ - i (x + {)\\ (20) 

p-q is not a constant, unlike near the translation-invariant M = {^. Since Mv.v ~ [{x + t/2)^ + 
(2P)~^]"\ the baryon is localized at ;c = -t/2 at time t and has a size ~ 1/P. As x = x^,t = 
x" - x' , the massless baryon travels at the speed of ligho along x^ - -x" . The probability of 
finding a valence quark of momentum p in the baryon is -^M{p, pilj. So the degeneracy and time- 
dependence are consequences of relativity: a massless soliton can't be at rest. Time-dependent vacua 



'"/' = - tr pM/2 ((Sj is baryon momentum/colour, it fixes tlie frame. A rescaling of p & P is a boost. 

"So though the null line / = is not a Cauchy surface, the baryon trajectory intersects it. 

'^The off-forward pdfs of deeply virtual Compton scattering 1131 depend on off-diagonal entries of M . 



are unusuao- Continuously connected static vacua (states of neutral equilibrium) are more common, 
e.g. the g.s. of a ball on a horizontal plane. There are time-dependent states of arbitrarily small energy 
> , where the ball adiabatically rolls between vacua. What is remarkable about Mt is that there is 
no 'additional kinetic energy of rolling between vacua', due to the masslessness of the quarks. But 
this massless baryon is special to the chiral limit. Away from m = 0, the g.s. of the baryon is roughly 
M = -lifrifr^ , with i^(p) oc p"e-Pl^P0{p), a « ^fivTn and M^ ~ f ^/7^vJ3 for small v 19J- 

4.1 Mass of the separable exponential ansatz 

To find the mass of ( |T9l) . we split energy ^ as 2E = P + rri^KE + f ^(SE + PE) where g^SE/2 is a 
self-energy. In terms of y = rn^/g^ , the mass^ 2EP - P^ is given by 

M^ - fP{vKE + SE + PE)"-^fP{SE + PE), where (21) 

PE . i/d.d,|M^P^, SE=^/M,,M KE.-i/M,,M. 

For M - -2l/^l/^^ PE - f dx\if/\^V{x) where V = ^ f dy\il/(y)\^\x - y\ obeys V" - |(Ap, 

ViO)^^Jdy\>l;(y)\^\y\ and V'iO) - -^ /^ dj l^(y)Psgny. (22) 

Thus, PE = /[dp] ^(p) /[dr] {if*{p + r) V{r) where V =^ j{dq\ ijj{q) ^*{q - r). (23) 

Here, \4io{y)\^ = ^ii^PY^ +y^T^ is even, so V'(0) = and V{r) is real and even. But y(0),SEand 
PE are log -divergent. Yet, we will show that SE -i- PE = , regarded as a limit of regulated integralo 

SE - ^ / M,m = ^ /- fdq and PE = ^ / dxd.^^J^. (26) 

4.1.1 Regularized/Variational estimation of baryon ground state 

Let us use an IR regulator to ensure PE, SE are finite. Let {//(p) ~ p"e~PG{p) so that ij/ is continuous 
at /? = if a > 0. For a -0, this reduces to our ansatz ipo in the frame with 2P = 1 . We regard this 
as an ansatz for minimising yVt^ (|2TI ). We show M^ vanishes as a ^ if v = 0. Let 



P{a) = fp\^/[dp]^^+a, KE = /|^/M = i, SE--/|^/M-^. (27) 



'^"^P^ = imkP"''' '^P^^ ^"« = IfS5(T^ f--hich, 



''They are forbidden in elementary QM: energy eigenstates must have simple-harmonic time dependence. But if the 
g.s. of a QFT describes a massless particle whose number is conserved, it can't be static. Classical evolution allows more 
possibilities. A near-example is of a pair of like charges. The unattainable g.s. is for them to be at rest infinitely apart. A 
state of finite separation can't be static: repelling charges accelerate. 

'*To bypass the regularisation, we can set up rules for manipulating these integrals based on the answers we get via the 
regularized calculations. From ([23} the potential energy is 



2.PVE-1 d,e-^'/^-e--.-y^ ''^M,^ ^ I ^^^^ ^i 7 «"' " /„ 7 



(24) 



These terms are equal by integration by parts if we ignore the boundary term. So for PE + SE = 0, we must define 

(nP) SE = -/o" ds i-' e-' = f^ ds .?-' e"' or .r'e-'|j=o = 0. (25) 



Integrating and imposing the initial condition VaiO) = T{a) / [2 ^lji:T{a + 1/2)] , 

Note that 2^1 (5,0' + 1 ; |; -x^ 1 ex x~^ for large x and a > 0, so Va{x) oc |x| as |x| — > cx3 . However, we 
couldn't do the final integral to get PE = j dxYa |iAaP ■ It converges for a > as Va lipa?' ~ Ix]'^'^" as 
|x| — > CX5 . Upon integrating for some simple values of a we find that SE + PE ^ as a ^ 0. We fit a 

Table 1 : Though PE ^ 6.9 X IQ-'' + .3183/a + 1.046 a - 4.3 a~ , grows as a ^ 0, SE+PE oc M' decreases. 



a 


0.1 


0.01 


0.005 


.00333 


0.00167 


0.00125 


0.001 


0.0001 


PE 


3.255 


31.84 


63.67 


95.5 


190.99 


254.65 


318.3 


3183 


SE + PE 


.07209 


.01003 


.005123 


.00344 


.001733 


.001302 


.001043 


.000105 



serieoto the calculated PE (Table [T|l for several a e [10~^, 10~^]. It is plausible that the coefficient 
of I /a is exactly l/n - .3183 and cancels SE= -l/na and moreover, that PE + SE vanishes at 
a = 0. Encouraged by this, we calculated PE(a) using Mathematica for several round values of 
a~^ . There was a pattern and we conjectured (OTI ). which was confirmed for lOO's of a's. We are 
confident PE + SE vanishes as a ^ 0. So Mo - -2tf/ot//„ ( |T9l ) is a massless baryon in the chiral limit: 
lim„,^o Al^/§^ = 0. From ((2T]) . its energy/colour is Eg = P/2 where P is its momentum/colour. 



4.2 Degeneracy and time-dependence of massless baryon states in chiral limit 

We generalize the massless baryon Mg (|T9l ) to a family M, (l20l ). M, clearly lie on the B = I 
component. Further, P{t) = -\ tr pMo(f) - ^(0) - P, KE(0 - KE(0), SE(?) - SE(0) and by 
going to position space, PE(0 =PE(0). So Mt is massless (|2l|l like Mq GO). We found M, by 
time-evolving Mo in the chiral limit, so t is time. Mo evolves according to M = {E{M),M] (|9]l: 

iMp, = \Mpq[h{q) - h{p)] - '^G(M)p,[ sgn p - sgn q] - f [M, Gm^ (32) 

We must show Mf obeys the com ^Mpq - j{q - p) Mpq + ^Z{M)pq where 

Z{M)pq = Hi - i) ^M - G{M)pq{ Sgn p - sgn q] - [M, GmI^. (33) 

In ^D]we show that Z{M{t)) = for all t, so the interactions cancel out! Now 

M(Om = Mp,(0)ei(P-'^)' ^ '\Mpq{t)^\{q-p)Mpq{t). (34) 

So Mq evolves to M, with energy P/2, describing a baryon moving at the speed of light. 



''it is tempting to Laurent expand the integrand in a and integrate term by term. But this doesn't work as the operations 
of integration and Laurent expansion do not commute: 

Vfl(x) = (2rar' +(2;r)"'(2xarctanx-log{(l+x^)/4}) + --- = V_ia"' + Vo + Via + --- 

|^„(x)|2 = (;r(l+x2))"'[l-fllog{(l+x2)/4} + ---] = \^\l + \^\\a + ■ ■ ■ (29) 

Integrating term by term, the 1st converges ^ J V_i Ii/^Iq = ^^ , but to half the numerical value. 

PE = fdxV{xM(xf = i y V^iWl + fiV-iM] + VoWl) + af(V-,Wl + VoW\ + V,Wl) + ■■■ (30) 

The a" term diverges VoliAlo ~ I-''! ' ' / ^oli^li also diverges: expanding in a destroys convergence of the integral! 



5 Small oscillations about lightest baryon 

5.1 Linearisation and solution of constraint on perturbation Y 

Suppose Mo(t) is the g.s. for B = 1 with momentum Po = -jtrpM,). Write M = Mo + V where V is 
a small perturbation tangent to Gr i at Mait). Then V^ = V and tr V = 0. V is a meson and Mo + V a. 
baryon-meson pair. What are the masses and form factors of excited baryons? The constraint ^^ = I 
linearizes to [e + M„, V]+ =0. This generalizes v ■ (p + (p -v = for tangent vectors to 5^. Now, 

/-I \ / -2V'' V +M++ \ 

^ ^ ^- 1 1 + Mr ) ^ ^' ^ ""- ^^^ = I m:;v- 2v- + m:;, v-i, J = ""■ ^^^^ 

In particular, V^' - 0. Roughly, V'^M*/ = expresses orthogonality of ground and excited states. 
(|35] ) is solvecoby introducing a hermitian matrix U , a 'potential' for V . V - i[(^o, U] is automati- 
cally traceless, hermitian and anti-commutes with O^ . This generalizes v = x m for a tangent vector 
to • = 1 . Motivated by (l20l ). let Mo(t) = -lipip^ be a separable baryon state, then 

-^-(2 + Mr)\ ./ -^-(1-«A«A^) 

(2 + m;;)U'- [m;;, u^^] ) H (i - ipip^w^- \u'\ i)/i)/^] 



Here 1 = /^^, is the identity on "7^+. We let [/ = 0, it doesn't contribute. U^^ and [/+ are the 
unknowns. Recall that for mesonic oscillations around M -0, the constraint implied V** = = U** . 

5.2 Gauge fixing freedom in choice of U for fixed V - \[^o, U] 



Our solution V = i[Oo, [/] to the constraint (1351 ) is unchanged under U ^^ U + Ug if [Ug, O^] = 0. 
This generalizes the fact that if (^ x m = v is tangent to S'^,.^ at 0, then so is x (m + Ug) for any m^ 
parallel to cp . We eliminate this redundancy by imposing a gauge condition picking out one member 
from each equivalence class U ~ U + Ug. A convenient condition can be used to kill some entries of 
U . To understand the extent of the gauge freedom, we first find the commutant {Oq}' , i.e. the pure 
gauge matrices [O^, Ug] = 0. For Mg = -Itptf/^ with eip = ij/, and i/^V - 1 > this becomes 

(i) [P^,Ul^] = and (ii) P^Wg- = Wg. (37) 

P^ - ipip^ projects to span(i/^) in 'K+ . (i) says that Ug'*' e {P^Y , which we chai^acterize by extending 
i]jQ = ifj io an o.n. basis for 'K+ : {tpk]^ ■ The commutant of P^j, consists of the hermitian matrices 

Wg* = aooiAoiAo + Z<:,/>1 akHl/k^f] = («oo, 1 0, A) with aoo e R- (38) 

Here A : spanj; -^ span^ . To find U'l" let {77/t)^ be an o.n. basis for 'H- and write (l37l) (ii) as 

Ug" = Y,k,i>o Uki ipk v] = P'/'Ug" = Z/>o "0/ <Ao rj]. (39) 

The solution is Uki = for ^ ?5: and uqi arbitrary. (13 8 1401) characterize the pure-gauge Ug . 

Ul" = lLi>o uoi >pQ T]] = ( "^ "^ ^ °' j with Mo/ arbitrary. (40) 



"We haven't shown this is the most general solution of i35t . By analogy with the sphere, we suspect that the anti- 
commutant of O is the image of the adjoint action i ado on hermitian matrices. 



Gauge-fixing conditions: The gauge freedom (l40l) is used to kill the 1st row of U^' . This is equivalent 
to imposing P^U*' = or ip^U*' - 0. Similarly, the pure gauge Ut^'i (|38] ) can be used to kill the 
00 entry and all but the first row and column of U** . So most of U** is pure gauge. Thus in the 
mostly -zero gauge, U may be taken in the form (0 and it represent column vectors) 

U-= 0, U-* = (0 W), U** - (0, it I M, 0) = MtA'^ + ilfu\ where 
Wispan^^-K-; il = {ui U2 ■■■)' , i//o -L u = Y,k>i Uki/^k ^'H+. (41) 

For mesonic oscillations V++= L'^+^-O (IT4l ) but around a baryon, U** can be taken rank- 2. The 
physical degrees of freedom are encoded in a vector u € 9^+ and a matrix (L'^"^)^ = U*' in the 

mostly-zero gauge: tp'^u = 0, ip'^U*' = and L'^"" = 0. (42) 

So (A is ± to the excitation U . E.gO the rank-1 ansatz U'^ = rjift with 0, 7/ e 'H± and ^V - 0- The 
g.s. time-dependence is simple, ^t{p) = ^oip)^^^'^^ (l20l) . So if at f = 0, ^qiAo = 0, then orthogonality 
is maintained if 4>t{p) = 0o(7')e~''"^^ ■ To summarize, if U is picked in the gauge (l42l ). then by ( [36l ) 

U+- y++j H(2 + M,,)i7+- [M,„i7T j [U^- uijj"^ -ijju"^)- ^ ' 

Conversely, U{V) is defined up to addition of a pure gauge Ug. Given V , we can find a convenient 
representative in the equivalence class of L'^'s that it corresponds to. In the mostly-zero gauge, upon 
using mV = 0, we get u = ^^++1/0 Thus [/++ ^ uif/^ + ipu^ = -i[V^^2(A(A'^]. In this gauge, 
U^' oc V*' . Given V , the most general corresponding U is the sum of any Ug € {<l>o)' (138 1401) and 

_ ( u-'\ _ j_/ -V'- \ 

f^mostly-zero gauge - [u+- f/++j - 2i\y^- [\/++,^^t]j- <-44) 

5.3 Linearized equations of motion for perturbation V 

For M{t) = Mo{t) + V{t), ^ becomes idt{Mo + V) = 2[E'f^^^y,(S)o + V]. The solution describes 
a curve M{t) on the B - \ component of phase space. Our g.s. is time-dependent, so this is like 
the effect of Jupiter on the motion of Mercury. For the nucleon, we refer to resonances created by 

-2 

scattering a n,er or v off the proton. From (fTOl) . E'(Mo + V) = E'{Mo) + ^Gy, so linearising, 

i V = [-id,M, + [E'(M,), Oj) + [E'(Mo), V] + £-[Gv, 0„] + 0{V\ (45) 

The terms in round brackets add to zero if Mo{t) satisfies the com, as does our baryon g.s. (I20l ). So 

iV = i[V,E'{Mo)] - '-flGv, 0„] - i[V, T'] - f |[Gm„, V] + [Gy, 0„]| . (46) 

T' = -h/2. To see the departure from 't Hooft's meson equation write V = H = H[ + Hj with 



Hi ^i[h,V]-'f [Gv, e] and //a - - ^ I [Gm„ , V] + [Gy, M^] ) . (47) 



Hi is independent of Mo and leads to 't Hooft's meson equation (ITT] ) if Mg = 0. H2 has 'baryon- 
meson' interactions leading to many complications. In blocks, the com are 

V-'\ J [h,V-^]\ ig2([GM,V]- [GM,Vr + Gy^{2 + Mn 



V^- V^^ ; I [h, Vn [h, V^^] I 2 \ _h.c. [Gm, VY' + [Gt;, M^ '' ^ ' 



"a more general example of a matrix with i// in its kernel is U'* = ir*(l - P^) for any matrix LT* . 
"*Since u ± if/, this is consistent only if V**if/ ± if/, i.e., if/^V**tf/ = 0, which is the same as the condition trM^*y++ = 0. 
But this is guaranteed by the constraint ( I35t 2V** = [V**, M^*] upon multiplying by M** and taking a trace. 
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5.4 Linearized time evolution preserves constraints 



describes the motion of a point V(t) in the tangent bundle of the Grassmannian restricted to the 
base Moit) . To estabhsh this, we show that ( |46l ) preserves hermiticity of V and the linear constraint 
(|35] ). If V is hermitian at time t, then so are Gy, Gm„ and H{V). By (l46l ). V{t + 6t) is also hermitian. 
As for the linear constraint, suppose OoCO is the solution of ^ about which we perturb by ^(0, and 
define a constraint function C(t) = [^oit), V{t)]+, which satisfies C(0) = 0. Then using 



iC ^^{[<bo,V]^ + [<&„, V]+) - [[E',,^,Q>,],V]^ + [Oo,[Em^,V]]^ + f [0„[Gy,0,]]+. (49) 

To find the unique solution of this autonomous linear system of 1st order ODEs, we make the guess 
C{t) = which annihilates the Ihs. On the rhs, the 1st two terms cancel as [O^, V] = 0. The 3rd term 
vanishes as O^ = / ( gi.2l ). So C{t) = is the unique solution and (l46l ) preserves the linear constraint. 
Corollary: As both V{t) and V(t + 6t) satisfy the constraint, so does the diff"erence quotient H{V(t)). 
And when H is spht as in ^6^, both [E'{Mo), V] and [G{V), O^] satisfy the hnear constraint if V 
does. But if H is split as in (|47] ). Hi and H2 do not each satisfy (|35] ). except at Mo = 0. 



5.5 Equation of motion in ' — ' block: orthogonality of excited states 



The — block of the com (1481 ) is simplest as it is non-dynamical, [G{Mt),V{t)] = 0. This is 
necessary for consistency of the eom. It says V'* G^j^ : "H -^ IH- is always hermitian: 

GiMtY^V;- = V;^G{MtT-. (50) 



Using the constraint V'^M** = (I35I ). we show that V"^Gj^^ = ! Our argument uses the exponential 
form of the g.s. Mo{t) (l20l ). but there may be a more general proof. We simplify (l50l ) using the fact 
that the g.s. interaction operator (1116! ) is always rank-1. Putting 



/•oo poo 

^ / [dr] ei^P-'-^' e-^ hi-p) K, - / [dr] Vpl- e^C-'?)' e"^ hi-q) (51) 

Jo Jo 

for all /7,^ < 0. Dividing by /2 ?t (fTTTT ). and using i/^^r) oc 6i(r)e-''('/'P-'f)''2 ,[20]) we get 

/2(-^)e-2(?-'') /2(-/j)e-2(?-") 

Lhs & rhs depend on q & p, so they must be equal ! c{t) € R by hermiticity. So (l50l ) becomes 



/ [dr] 1/-; lA^r) = c(0 e-5(?-«) /2(-;,), V ;? < 0. (53) 

JO 



V'* maps the g.s. to c{t)x a vector in 'H- . But V annihilates the g.s: V +M++ = QS^l So c(0 = 0, 
y +Gj^^ = and [Gm„, Vy^ = 0. It says excited states are ± to the g.s. 

5.6 Lack of translation invariance: Failure of ansatz V*^(0 = Xt(^) 

In the H — block of the eom (l48l) . let us try what worked for mesons (©. Around the translation- 
invariant M = vacuum, Vt^it) = Xt i^, Pt) could be taken independent of Pt = p - q ([T6l ). For 
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oscillations around a now-translation-invariant baryon M^ ( fT9l ). such an ansatz doesn't work; Pf can't 
be regarded the momentum of V. The orthogonality constraint V'*Mg* = (1351 ) is violated if ^ is 
independent of p - q. To see this, V'^M^'* = is expressed using M = -lipip'^ as 

nco n 1 

j m, t) hiq) dq = 0, Wp<0 o j m, t) iPt (p{l - r')) p - O, yp<0. (54) 

Xt must be ± to each of fp{^; t) = ij/t{p{l - 1/^))/^^ for ;? < at all times t. E.g. at f ^ 0, 

fp{^) = rVo (7^(1 - 1/^)) - r' exp{-Kl - 1/^)1 for p<0. (55) 

fp(^) are linearly independent -i-ve functions going from /p(0) = to /p(l) = 1 with maxima shifting 
rightwards as > p > -oo. Plausibly, for jf- to be ± (in L^(0, 1)) to all of them requires x - ^- So 
non-trivial Vp^ must depend on jc - ^. It seems prudent to work instead with the unconstrained U . 

5.7 Linearized evolution of unconstrained perturbation U 

To find the linearized evolution of [/, we put V = i[<l>o, L'^] in (l46l ) 

i[0„, U] - [[(D„, U],h] + f [G[o„,f/], e] + f |[Gm„, [0„ ^]] + [G^^„,uh ^o]] ■ (56) 

Some entries of U are redundant due to gauge freedom. So we derive com in the mostly-zero gauge in 
terms of the vector u and matrix U*' (|4TI ). This requires some care. The com don't know our gauge 
choice, and we mustn't expect them to preserve the gauge conditions (l42l) ifr^u = and tfr^U*' = 0. 
Using (|43] ). we begin by writing (the tentative nature of this evolution is conveyed by =) 

2iM - V**ijf + V**iff, 2iU^- ± V^-. (57) 

Here, ij/t{p) = \ipij/t{p), if 4' is chosen as the g.s. valence quark wavefunction in the chiral limit (l20l ). 
We use the com (l48l) for V and (03]) to express the rhs in terms of u, U*' . For example, 

liii — 2i(Mi/'' — ifru')ij/ + 2\iMfj* — ifru\h]ip 

-f j[M.A^ - «A"^Gm] + GltU-^ + U'-G-^]ip- if[^^\G*y*^ip. (58) 

Gy is given in gC.U We regard these as equations for {u, U^'){t + 6t) given {u, Uy^it) satisfying the 
gauge conditions ((42l) . So on the rhs we can use ((42)) to simplify: 

Im — i(M^' - ifru^)ip + {uij/" — \]ju*)hifj — hu 

+f JG-M - (M^+ - ^m1^)G-^ - W-G-^ilj - iP^G-iA + iGv>) , 
if/- = [f/-, /j] + f {(^M^ - ii«A^)G- - f/-G^ + GJiJf/- + i(l - P^)G^y] . (59) 

But we have a problem. This evolution does not preserve the gauge-fixing conditions: 

i^jiiP'^u) = iij/'^u - u'hilf - ip^hu + f {iA^GJjJm -i- u^G^^ip] -^ 0, 
i^C'A"^^") - i'A"^^"" - 2.A"^/Jf/- + 1 [u^G'u + lA^GJiJf/-) + 0. (60) 

But at each time-step, we may add to lJ{t + 6t) a pure-gauge Ug{t + 6t) to bring it to the mostly-zero 
gauge, so that at t+6t, tfr'''u = and tfr^W' = 0. This corresponds to subtracting out the instantaneous 
projections on ij/ and defining a new time evolution that preserves (|42]) 

iu ■- ^{l-P^){V'*i}f + Vilf) and iU^- := ^{\ - P^)V*-. (61) 
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This projection involves no approximation. We use (l42l ) to simplify the rhs to geo 

m = -l = luijj^ + j«A^/2«A - [1 - P^]h] M - f [ip'^G'^iliu + U'-G-^iff - [1 - P^] {g^^u + iG;,^)) 
if/- = _L- = U'-h - [1 - P^]/j^"- - I {m<A^G;i^ + [/^-G^ - [1 - P^] {g]^W- + iG^y)] . (62) 



Our goal is small oscillations around the baryon. We write (1621) as a Schrodinger equation, where the 
wavefunction consists of a vector u and a matrix U^' and the hamiltonian is the pair (Z, L^ ) : 



d 



U 



l{u,u^,W-,U-*) 



However, {l,L*') depend on u, U*' and u^ , U'* through Gy in (l62l ). Indeed, from gC.ll 

G*y = 2iG(M^1^ - «A"^ + f/"-)^-, ijG;; = G- 1_^,^, - G- . + G-.- . (64) 

So the time dependence does not factorize under separation of variablecj- This prevented us from 
finding oscillatory solutions to the full system (l62l ) using ( a> is complex a priori) 



5.8 Eigenvalue problem for oscillations in approximation u -0 

We make an ansatz that permits us to find oscillations around the baryon. V is a meson bound to M„ 
whose valence-quark wavefunction is if/, u, U*' represent valence and sea/antiquarks in V. Mesons 
are usually described as a quark-antiquark sea. This suggests putting u = 0. Moreover, for mesons 
around the vacuum, V*' oc f/+" ^t (® > and our analysis should reduce to that far from the baryon. 
For u to remain zero under time evolution (l62l) . a consistency condition must hold for f 7^ 

iu 

It says tfr is in the kernel of a certain operator. (1661) is studied in ^Gl Hilbert-Schmidt U*' obeying 
(l66l ) and tfr^ U*' = form the physical subspace for the ansatz u = 0. Now we assume oscillatory 
behaviour about the time-dependent g.s. The time-dependence in the com (l62l ) factorizes: 

[/-(O ^ [/- ei(--^)^ ^ (^ + ^) U;-^ e'(--^)^ = L^-{Unp, e'(--^)'. (67) 

Let A'+ ([/+ ) = L*'{U*') + \U*', j]. We get an eigenvalue problem for the excitation energies co 
above the g.s. of the baryon^H The correction [U^^, ^] accounts for time dependence of the g.s. 

K^-{Un - [U^-, l]+{^-P^)hU'--U'-h+'^ {^"Gm - (1 - 'P^)(<^M^" - 2G"c7+-)) ^ ^^"- (68) 
The eigenvector is a matrix U*' with tp in its left nuUspace and constrained by (l66l ). Similarly, 



- - f { U'-G-f^ - i( 1 - P^)G;; ) ^ - where G^^ = 2i [g^^,- -G^^-,]. (66) 



K-\U-^) = [2, U-'] + U-'h{l - P^) - hU-^ + f [GJ^U-^ - (u-^G^f^ - 2Gj;_,)(l - P^)) = oj*U-^ 

^ ^(^^ Mi^-(f/-) jMo.^- )■ ^^^^ 



"Signs of l,L* are chosen so the hamihonian in 35.8| is +ve. Some integrals are IR divergent if ifi(p) oc e P^'^Oip) is 
the exact chiral g.s. E.g. for the regulator of 34.1.11 i^'Tii^ = |(-i + a + ^) . We suspect all divergences cancel in physical 
quantities, as for the lightest baryon. Also, most of these divergences disappear for the ansatz u = studied in 35.815.101 

^"We are looking for vibrations about a time dependent state if/t{p) = (^o(p)e''"'^ . The momentum-dependent phases in 
u and 1/+" guarantee that the gauge conditions ifr] 11, = and ifr] U^' = remain satisfied if they initially were. 

^'Recall ((Sj that p is the hermitian operator with kernel Pp^ = 2nS(p - q)p. 
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An advantage of the ansatz m = is that K* depends only on L^^^ . A" is hermitian with respect to 
the Hilbert-Schmidt inner-product defined in ^ 

{U, k{U)) ^ iK{U),U) i.e., % tr U-^K{Uy- = %tT kiUy^LT-. (70) 

Indeed, cyclicity of tr , the gauge condition U'^t// = and self-adjointnesS of G (11081 ) imply 

tr U-+k(U)+- = tr[f/-+[f/+-,f]+{/-+(l-P^)/i{/+--{/-+{/+-/2+f |c/-+C/+-G^7-f/-+(l-P^)(Gj;{/+--2G;;_j}] 

- tr\[^M-*]U^'+U-*hU-^--hU-*U+-+'^[G]^U-^U*--U-*Gl,+ U+-+2G-^t+U*-]\ 

= tr^(f/r +£/+-. (71) 

The original linearized H{V) (l47l) is not self-adjoint. By passing from V i-^ U , eliminating re- 
dundant variables and imposing u = 0, we isolated a subspace on which the linearized evolution 
admits harmonic time-dependance and is formally self-adjoint. K^ = K ^ u - of . The eigen- 
modes U*' thus describe oscillations about the baryon. Without translation invariance, we use 
Pm = - tr p(Mo -I- y)/2 - P + Pv (|All as the excitation momentum instead of Pt ( 95.61 ). So 
the mass^ per colour is Al^ = Pm{2Em - Pm)- For small oscillations, Em„+v ~ Eg + oj where Eo 
is the g.s. energy. lEg > P where P is the g.s. momentum. In the chiral limit, lEg = P ( 94. 1.1 1 ), so 

Ml^^v - Pm(2Em - Pm) « (P + Pv)(2E„ + 2u-P-Py) '^° {P + Pv)(2co - Py). (72) 

Since V «: M^, we expect \Pv\ '^P,soP + Pv~P>0. To ensurq^ Al^ ^y > 0, we need 
2aj>Pv- {2Eo - P) or in the chiral limit, 2oj>Pv. But for m = 0, Py ^ by ^. So 

u^O ^ Af = P{2Em -P) ~ P{2Ea + 2aj-P) '^' IcaP. (73) 

So K and a» should be > in the chiral limit. Define the parity of meson V as even if Vpq is real- 
symmetric and odd if it is imaginary-antisymmetric. For the ansatz m = 0, the eigenvalue equation 
(I68I69I ) follows from a variational principle. If we extremize & = (U, K{U)) = tr U'*K{Uy' , 



tr 



[h - 2) {U'-U-^ - U-*W-} + f [G-f^U-*W- - G^^U^-U-' + 2G^%^"- 



(74) 



holding \\U\\^ = (U, U) = ti U *U* fixed via the Lagrange multiplier w, we get i 

^[\xu-;Mw-):;-ojivu;:u:;] = o ^ kiu);-^ ^ aju;-^. (75) 

We treated L'^,: = U^** and U^* = U*^* as independent variables and used the fact that K* depends 
only on U*' . We must solve the eigenvalue problem (l68l) on a space of U*' examined in ^G] In 95.91 
we interpret the terms in the variational energy £ , and approximately minimize it in 95.101 

5.9 Rank-1 ansatz C/+ = (l>if : sea quarks and anti-quarks 

Let U*' - (prj^ , with 0, ?? € ']-l± the sea/antiquark wavefunctions of the excited baryon. They have 
antiquarks even if the lightest one doesn't, just as mesons have antiquarks though the vacuum doesn't. 
(1751 ) tells us to hold tr U*'U'* - ||<^|Pll?7lP fixed and extremize the linearized energy {U,K{U)) 

&{U) =tx(h-\) [||;7||200t _ ii^ip^^t] + £ tr \^\iP\? G-,^rirf - llTylpG-^^^^ + 2G-^'^,cprf] (76) 



^^This means tr U *G*^+- = tr GJ-^W , which follows from the definition of GiU)p^ . 
'^'^ 2oj > P, for 't Hooft's meson operator dlSt since meson mass^ 's were > if m > |[2l 
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on the physical subspace. If we factor out \\U\\^ = ||0|Pll?7lP and work with unit vectors cp and rj, 

£(^)/||^||2 - tr [(h - 2) {P^ - P^) + f (G-^,cpri'' + ^P.G]^ - ^P^Gl^)] . (77) 

Here P,^ = rirf and P^ - cfxp^ . The variational principle cannot determine ||0|| or ||?7||. Recall that 
2h = p + fi^/p with jj^ = m^ - g^ In, so the kinetic and self-energies T" of sea-partons is 



T=iv(h-\) (P, -P^) = >^jm [|^^,|2 _ |^^|2] . 



(78) 



In the chiral limit T" < is purely self-energy. (1781 ) is valid for excitations around the massless Mo{t) 
(l20l ). If the lightest baryon were static, then h - p/2 i-^ h. Interactions are simply interpreted in 
position space. As (f>, rj € •K+ the block designations in (1771) are automatic ( trP,,G^ = tr Pj^Gm etc). 
Thus, the Coulomb energy g^'Vc of sea quarks (f> interacting with anti-quarks 77 is positive 

^c = tr G,^t0?7^ = Jdxdy \cl>{xf ^\x - y\ {rjiyf = J dx |0,|2 v(x) > 0. (79) 

Here v(x) = 5 / |77vPk~3'|d3' obeys Poisson's equation. The exchange interaction of sea-partons and 
'background' valence-quarks t// is g^'Ve - g^ {^er] + "^e^j '■ 



n^e = 5 tr [p,^Gm - P<pGm] = Jdxdy «A*(x)«A(3') \\x - y\ {(l>(x)f(y) - rj(x)rj*(y)] 



(80) 



Now v(x) = ^ f 'ffy'Py \x - y\ dy and w{x) = ^ f il/yri*\x - y\ dy both obey Poisson's equation. Then 
Ver] - f \w'(x)\^ d;c > and Vc(/> = - f |v'(x)p dx < 0. However, sgn'Ve isn't clear a priori. Thus the 
energy & = T + g^CVc + "Ve) has a simple relativistic potential-model meaning. In the chiral limit, 
the mass of an excited baryon is M^ = IPoj where P is the g.s. momentum and a» = min£ (T/Bl) . 

5.10 Crude estimate for mass and shape of first excited baryon in cliiral limit 

To estimate the mass and form factor U*' = cfirf of the 1st excited baryon (IT9l ). we must extremize 
£ (1771 ) holding \\U\\ = 1 and restrict to U*' satisfying the gauge and consistency conditions (^Gt. 
We haven't yet solved the consistency condition (I134I ). an intricate orthogonality condition. But even 
without it, the interacting parton model derived in 35.9| mav be postulated as a mean-field description 
of excited baryons. So as an approximation, we impose i/^^^ = but ignore (11341 ). Our ansatz for 
unit norm rj, cp contains two parameters a, b controlling the decay of sea parton wavefunctiono 

^p = ^/4^ce-'^P9{p), ~^p = ^JllV' p{p - ^y'SiP), Vp = -ap^/S^e"P9{-p). (81) 

A boost rescales p. We choose our frame by fixing the momentum P = I /2c of the g.s. Since 0, fj 
have been chosen real, V = i[<I>o, U] = 2i(0, -Ji^^\^jf ,0) has odd parity, V^ - -V . The minimum 
of £ = T" -I- g^CVc + "Ve) among (|8T1 ) is the (approx) energy of the P' excited baryon. But it is not an 
upper-bound, as we ignored (11341) . In the chiral limit, the self-energy isT -Tip+T^: 

2)^~ 47:{b^ + 3c^)/b ' '"" I2 r"" 2n 



r^= tr(/j-^)P^--^^^-^^-^^^^, T,= tr{^-h]P, = -^. (82) 



^*To be accurate in the chiral hmit ot — > 0, 0,, and fjf, should probably vanish like small positive powers of p as 
p — > 0* , just as the valence quark wavefunction iff does. But to keep the calculation of £ simple, we chose the smallest 
integer powers (^,, ~ p^ and ijp ~ p) that ensure absence of IR divergences and orthogonality if/^(/> = 0. 
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T^,T^ are minimized as a,ft ^ oo. By real symmetry of G{M) (El> and P,^, the exchange integral 
Te, = \ tr P,G-^ = J[dp]fjp J[dq]fj,G{Myp^^ = J^ {(1 - laPf + SaPlog jj^] . (83) 

"Vf^j^ > since GiMYp and 77^ are positive. "Verj increases with a, it vanishes at a = 0. We cross- 
checked this using 'Ver, = J \w'{x)\'^dx (l80l) . V^ip = J dx v{x) v"{xy (l80l) is minimized as b ^ 00: 

^e^ = -i tr P^G- = - J^[dp] 4>p /J' [d<7] 0, G(M)- ^ - -;k3OT) < 0- (84) 

So the exchange energy is the difference of two +ve quantities g^'Ve = g^ {^£7] + "^e^j- As for the 
Coulomb energy (1791 ). "Vc = / l<;*(-'c)Pv(x) d:ic, with v(x) = ^ (a + x arctan ^ j : 

^^ - ;:(«+fo)2(z.2+3,2) > Where 2Pc - 1. (85) 

So T , 'Veip prefer large, while 'Vc , "Ver] prefer small values of a and b . What about & = T + 
g^ v^ecp + "^£1] + 'Vcj ? a and b are lengths, so define dimensionless parameters a - aP and p = bP . 
In the chiral limit the minimum Alj of 2&P is the mass^ of the first excited baryon (|73]), so it must be 
Lorentz-invariant: independent of P . g is the only other dimensional quantity, so £ = g^e{a,/i)/P, 
where e is a function of the dimensionless variational parameters. We find 

_a_ 12/3^ - 4/3^ + 3p a + 2p+ Uaf + 8j6^ _ 2(3^ ( 1 - 20-)^ + 8g log ^^^ 
^^ " 2 4(4/32 + 3) ^ /3-2(a+/3)2(4^2 + 3) ~ 4/32 + 3 + (4a)-2(l - 2a)4 

As there is no other scale, the minimum of e should be at a,/3 ~ 0{l). But as plot |l(a)| of level 
curves of e indicates, the minimum is e = as a,/i — > 0^, corresponding to the pathological state 
where both ^, fj (ISTI ) tend point-wise to zero! If both a,p are free parameters, the minimum occurs 
on the boundary of the space of rank-1 states U^' = (prj^ obeying the gauge condition. Perhaps 
this was to be expected: without imposing (11341 ) we are exploring unphysical states! In the spirit of 
getting a crude estimate sans imposing (11341) . we put a = 1 , and minimize in yS to find ySmin = -445 
with e(l,;8inin) - -205. So our crude estimatq^ for the mass/colour of the 1st excited baryon in the 
chiral limit is Ati = -29 g. Plot ] 1(b) [ has the approximate valence, sea and antiquark densities (ISTl) 
with parameters aP = I, bP = ySmin and 2cP = 1 . The momentum/colour P of the lightest baryon 
sets the frame of reference. However, this is not an upper-bound on the mass gap. Mi could be an 
under-estimate as we did not impose (11341 ). There is still the unlikely possibility of zero modes other 
than the 1 -parameter family of states associated with the motion of the lightest baryon (@. 

6 Discussion 

We found that the lightest baryon has zero mass/colour in the chiral limit of \aige-N QCD i+i . There 
is no spontaneous chiral symmetry breaking in this sense. Being massless, it evolves at the speed of 
light into a family of massless even parity states (©. They have the same quark distributions M(p, p) , 
differing only in off-diagonal form factors Moip, ^)e'*^''"'?^'^2 xhe other modulus of the baryon is its 
size 1/P. P is its mean momentum/colour, fixed by the frame. Excited baryons (small oscillations 
around Mg ) are like bound states of a meson V with M,, . Upon eliminating redundant variables we 



^'As the plot shows, if we set /? = 1 and minimize in a, then a„^,„ = .212 with M = .32f , which is roughly the same. 
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.A 

anti |i7(p)P' ', 

/ ? 
I 



Ivalence |iA(p)| 



seaquark |^(p)| 




(a) Level curves of the dimensionless energy 
e(a,j3). 



(b) Valence, sea and anti-quark densities in tiie excited 
baryon for P = l,a = i,P = .445 . 



Figure 1: (b) The orthogonality of sea and valence {(fij/ = gauge condition) implies that (f>(p) has a node. The 
normalization of anti/sea distributions is arbitrary, and small compared to the valence distribution. One may contrast these 
with the first excited meson for which |;f'(^)P ~ sin' n^ where ^, 1 - ^ are the quark and anti-quark momentum fractions. 

derived an approximate eigenvalue problem for a singular integral operator to determine form factors 
U^' and masses of excited baryono- Based on the ansatz U*' - cprf we derived an interacting 
mean-field parton model for the structure of excited baryons ( 95.9I ). Using simple trial anti/seaquark 
wavefunctions 77, ^ , we estimated the mass and shape of the first excited baryon for which V has 
odd parity (analogue of Roper resonance). The baryon Mo breaks translation invariance, deforms 
the vacuum and consequently deforms the shape of the meson V . Unlike mesons jf(^) near the 
Dirac vacuum where ^ <-^ 1 - ^ relates quark and anti-quark distributions, the distribution of quarks 
l^pP and anti-quarks \fip\^ in V aren't simply related. By linearising around Mo, we approximated 
these excited baryons as non-interacting and stable. The non-linear/linear treatment of Mg/V also 
prevented us from assigning a parity to excited baryons. But their non-linear time evolution © 
should contain information on interactions and decay. Our approach is summarized in figure |2] 

Acknowledgements: We thank the UK EPSRC for a fellowship and the referees for their questions. 



A Conservation of mean momentum Pm - 



■5 trpM 



Em and Pm were used to define the mass (1211) of the baryon and of oscillations above a non- 
translation-invariant Mt{p,q), where the other concept of momentum Pt = p - q is not meaningful 
(see ®. Here we show Pm - -\ f pMpp[dp] is conserved even if M{x,y; t) is not static, as long as 



it decays sufficiently fast: \Mxy\ 



.\-\-6 



for some 6 > d& \x\ ^> 00 for each y, t. When § = 0, 



energy T - -jtihM is linear. Also, p, h and e are diagonal, so their commutators vanish. From Q, 



dtP - {T{M),P} = {//,,/p) = /_i[/,p] + i tr [h,p]e - 0. 
So tor g t only U (O contributes to dfPM ■ U is simpler in position-space, so write 
Pm = -^ Jldp] dx dy p e-'P^'-y^M^. = -^Jdxdy M^, D^ 



(87) 



(88) 



^*However, we haven't quite solved the consistency condition for the approximation m = (^Gj which restricts the space 
of physical states (/*" . It is also of interest to find a way of proceeding without this approximation. 
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condition on U*' 



equations of motion 
small 



U = U{U*-,u), 



't Hooft eq 



oscillations 



U*-(t) = U*-e" 
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M^ = 2ioP, - P2 



eigenvalue 



U*- = (prf 



rank- 1 
ansatz 



problem 



K*-(W-) = a)W- 



Baryon spectrum 
(m=0) M^ = 2wP 



Figure 2: Flowchart of our approach to the baryon spectrum of large- A' QCD i+i 



where Dxy = f[dp]pe ^p^" ^'^ = idxS{x - y) is hermitian. So we have a quadruple integral 
drP - {E{M),P} = {U,P} - -^Jdxdydzdu^^D,AM,,^,My,,M,u}. 



(89) 



We do two integrals and integrate by parts elsewhere to show dtP = ! By Q, the P.B. is 

ilMj^Myj, , M,u} = Sy, Myx Q> x,, - Sjcu Myx O.y + {x ^ j) . (90) 

~2 

After one integration and relabelling variables, dfP = -^3/, where / = i j dydz^yz J dx\x - 
y\ Mxy dxSxz ■ Integrate by parts on x noting that the boundary term Bi(y, z) -\\x- y\5xzMxy I =0, 

/ - -i / dj dz %z \z - y\ dzMzy - i / dy dz Oyj sgn (z - 3^) M^y. (91) 

The 2nd term is real and does not contribute to 3/. So 

d,P = '^%jdxdy^{y,x)\x-y\dxM{x,y) = '^%J. (92) 

Integrating by parts, the boundary term vanishes if M falls off sufficiently faso 

J = 82- f dxdy Mxy <^yx sgn (x-y)- f dxdy Mxy \x - y\ dxCyx - f dxdy Mxy \x - y\ dxMyx. (94) 



^'From Jl.U 6„ ~ i(;rx) ' as \x\ — > 00 for any fixed y . So the 1st term in 62 vanishes if M_q, — > as |x| — » 00 . 

B2 = / dy [ {e,, + My,] \x - y\M„ ]"_^ (93) 

The 2nd term in B2 vanishes iff limjj|^„ |M,-,,p|x - y\ = 0, for any fixed y. This 2nd condition subsumes the first. So 
62 = provided \M„\^ ~ l^r'"* for some S > 0. This is easily satisfied by our ansatz Ma(x,y) ( I19t for the baryon g.s. 



The first two integrals are imaginary and do not contribute to %J,so 

d,P = -^f %K, where K = JAxAyM^\x- y\ d,,My^. (95) 

Integrating by parts we express L - K + K* - 2%K = - f dx dy \Mxy\^ sgn {x - y) + B^ . B^ - 
j dy [ |Mx,.P|a; - y\ ]|f„ is familiar from B2 ( l93l ). and vanishes under the same hypothesis. Finally, 
sgn is odd, so dfP - -g'^L/16 = 0. So Pm is conserved if IM^yp decays as x~'~^ for some 6 > 0. 

B Finite part integrals (Hadamard^s partie finie) 

A finite part integral is like an ODE: rules to integrate the singular measure are like boundary condi- 
tions (b.c). Here we define the l/p^ singular integrals appearing in the potential energy. In position- 
space this is manifested in the linearly rising \x - y\ potential, 't Hooft [2] defines them by averaging 
over contours that go above/below the singularity. Here we formulate them via real integrals and 
physically motivate & justify the definition by showing it satisfies the relevant b.c. Both methods use 
analytic continuation. Consider the rank- 1 baryon 94. II and suppose support ij/ c [0, P] , 

PE - /[dp] 4f{p) J[ds] iA*(p + s) V{s), where V{s) = -s-^W{s). (96) 

Recall that V" = li/rp with two b.c. ([221). So Vis) = -s~^ J\dq]i^is + q)^*{q) is singular at 5' ^ 0. 
Here W*{s) = W{-s), i.e., 'KW{s) is even and dW{s) is odctj. Now, the two b.c. imply 

V{0) - -/ 51 W(^)^ - / \if^(yt^4dy, V'iO) = / 3W{s)^^ - "i / dj \^(yt sgnj. (97) 

The Ihs of (|97] ) don't exist as Riemann integrals since W^(0) = 1 . But the rhs exist quite often and 
can be used to define the Ihs. E.g. rhs of V{0) makes sense if ifr decays faster than l/y. The rhs of 
V'(0) makes sense as long as ifr(y) decays faster than |jp2 . This includes lifriy)] ~ l/\y\ as \y\ -^ 00 
corresponding to if/{p) having a jump discontinuity. In particular, it can be used to define f W{s)s~^ds 
even when W'{p) is discontinuous at p = 0. Now we eliminate ifr and express singular integrals of 
W in terms of Riemann integrals of W . For simplicity, suppose ilf(p) e R. Then ifri-x) = ifr*{x), and 
W is real and even. The V'(0) b.c. ( |97] ) is satisfied. Let us also restrict attention to wavefunctions 
such that if/{p) ~p",a>0as/7— >0. Our aim is to define -/ 4'W'('*)[d'5'] so as to satisfy the first 
b.c. The rule should reduce to the Riemann integral, when this quantity is finite to begin with. 

Claim: Let W(s) be even and W'(0) = For P > 0, if we define 

f_', j,Wis)[ds] := f!, H£)_M[d.] - M, then fp j,W(s)[ds] = - fZ l^(x)|2Mdx. (98) 

Proof: We subtracted divergent terms and analytically continued what we'd have got if W{s) vanished 
sufficiently fast at the origin (i.e. W{s) ~ s^'*''^, e > 0) to make the integral converge. The main point 
is that this definition satisfies the V{0) b.c. ( |97] ). Recall that W is the charge density: 

W{s) - JZ |iA(x)|2e~'-*-Mx, so that W{s) - W{0) = J^ dx\ilf{x)\^{e~'''-'' - 1). (99) 

Moreover, tV'(O) - -i f^ x\t//{x)\^dx = as the integrand is odd. Therefore, W{s) - W(0) vanishes 
at least as fast as s^'^'^, e > as i' — > 0. E.g. for if/{p) oc p"e~P, W{s) - 1 oc -s^"'*'^ + 0{s^). Therefore, 
}_p{W{s) - W{0)\s [ds] < CX3. As the integrand is even it suffices to consider 

Jo' ^2±^[d.] = /f ^ /_- dx|^(x)P(e— - 1). (100) 



^^From ( 94.1. It . if iji{p) is (dis)continuous at p = 0, then so is W'{s) at .s = 0. If ij/{p) ~ p" , tlien W(s) - 1 ~ |.s|'+^" . 
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Only the even part of (e ''^'^ - 1) contributes to the integral on x. Reversing the integrals, 

^p H«) [d.] = n dx|^(x)P (^ - vW) . (101) 

This involves the sine integral, 2nPv{x) - Px Si(Px) + co&{Px). Now H^(0) = 1 , so 

Jo" ^^^« [d.] - If = - n dx|^(x)Pv(x). (102) 

We must show y(x) may be replaced by |x|/4 under the integral. Since Si(f) is odd, we have 

^(^) " ^ + 2^ (^^ Si(Px) - ^ + cos(Px)) =\A + ^, (103) 

where /?(f) = t Si(f) - |f|7r/2 + cos t. We have the desired result except for a remainder term: 

r.p M«) [d.] - ^ ^ - n |^(x)pMdx - ;;L J_- |^(;,)|2 ;^(p^)dx. (104) 

When P -^ C30, the remainder term ^ as \R{t)\ < 1. For finite P, R{t) ~ ^Y^,|f| ^ oo is 
oscillator>Bj, so we expect the remainder term to be small. But it is zero. Consider 

JZ dx|^(x)|2 RiPx) = /o^[dg] Jf^-'ldrnq + r)4,*{q) JZ d^e'" R{Px). 



P(?) is even and / dxe'" /?(Px) = 2 / dx cos(rx) P(Px) ^ 0, (105) 

7-00 JO 

from the properties of Si, provided \r\ < P, which is the region of interest. Thus the remainder term 
vanishes, and we have shown that our definition of the "finite part" integral satisfies the b.c. This 
justifies our definition ( |98l ) when W{s) is even and W'{0) = 0. q.e.d. 

According to ( |98] ). J_p^ - -j- Moreover, it makes sense to define /_p 7- := since the 
integrand is odd. We use these to extend the definition to functions on an even interval [-P, P] but 
with W'{Q) possibly non-zero. Suppose W{s) is continuously differentiable at 5 = with W{s) - 
W(0) - sW'{Q) ~ 5'^*^ for some e > and s sufficiently small. Then we define 

f!^P ^Wis) := /5p ^ [Wis) - W{0) - sWm - |W(0). (106) 

This is used to evaluate G(Mo) in ^ In general, this rule is applied in a small neighbourhood [-6, e] 
of the singularity. The 1 **' term on the rhs of (11061 ) vanishes as 6 ^ giving 

n ms)'^ :- lim,^o [{/:: + D Wis)'^ - ^Wm] . (107) 

C Interaction operator G and G{M) for baryonic vacua 

G is the operator on hermitian M defining ^ the potential energy iU = g^ tr MG{M) . G{M) is a 
hermitian matrix with kernel G{M)xy = ^Mxy\x-y\ or G{M)pq - -/ M-^Mp+^/y+r- The null-space of 
G consists of diagonal Mxy = m{x)6{x - y) , which don't lie on the phase space (O except for M = . 
U is positive definite. The matrix elements of G are real 

G'^, = \\x-y\5{x-z)6(w-y) where G(My^. = f dzdw G'^.M,„. (108) 



'The asymptotic expansion of Si(f) for large t is Si(0 ~ f + (- 7 + 0(t ')! cos r + (- ^ + 0(t *)) sin / 
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The entries G^^, are symmetric under a left-right flip GJJ' = G^^ , which means M i-^ G{M) preserves 
hermiticity. Moreover G^^ = G\^^ , which implies G is hermitian as an operator on hermitian matrices 
(©. In momentum space, G'p'g - G^^ - G^7 are real, with G{M)pg - J[dr ds] G'^^ Mrs- Here 
G^*^ = - J I^ <5p+(^g+r and 5^ = ln6{p - q). G{M)xy is simple, but the Fourier transform G{M)pq is 
sometimes more convenient to solve the com (e.g. 34.2[(l68] )). At the baryon vacua M{t) (|201 ): 



G{M{T))p, = -ei("-'?)^|l^M(0)p+,,,+, = e5(/'-^)^G(M,)^,. 



(109) 



So it suffices to take r = 0. For Mg = -lijjo^o ( fT9l ) with ipo real, Gm^ is symmetric. G{M)xy isn't 
rank- 1 . But i/^oip + r) ~ erPer''0{p + r) factorizes, ensuring that G{Mo)~^ are rank-1. In general, 

2 I P + q\ r dr ,„ 

G{Mo)pa = -&M-^] ^e-'^/^. (110) 



^ ^ ^^ ' Jmax(-p,-g) ' 

If p or ^ < 0, then t = max(-/7, -g) - - rmn{p, q) > Q and there is no singularity: 

l2(0 = r^e-/^ = 2:;^ + lEi(-l) > 0, for ?>0. (Ill) 

Here Ei(z) - - f^ ir^"- ^2(0 monotonically decays from cx3 to exponentially, as t goes from 
to CX5. Thus, in the {p,q) = ( — i-),(-i — ) and ( — ) quadrants, 

G{Mo)pg = ^exp[-l^){^ + -^Ei[-^)), where t ^ -min{p,q) > 0. (112) 

In the -i-i- quadrant, s = min(;?, g) > so we may write 

G(M„)- = -i;M,ip, q) \{s) where \{s) = [j!^ + J^] ^e"''/^ = h+ h- (113) 

Here his) is a finite part integral defined in (11061 ). and expressed via the sinh integral 

his) = f!^ ^e-/^ :. -^ + f!^ ^ {e-'V^ - 1 + ^ = "I ^^^ (^ + | Shi (^) . (114) 

Here, Shi(z) - f^ '^'"^ df. Combining with the previously encountered l2(i') (lllll ). 

lis) = Ii +I2 - -^e''P + I Shi(^) + ;^Ei(-;^) = -^e^'P + ■i(Chi(^) + Shi(^)). (115) 

Chi(z) - y + logz -I- Jq ^^^ij^df . Now we summarize GiMo)pq in all blocks. Let s = minip, q), then 

rcM^ - ' (p^q.j l2i-s)--\c''^ + ^Eiif) i{s<0 

'^{Mjpg - p exp (^ 2P j I /(^) = _ie.v/P + ^ (chi(^) + Shi(^)) if ^ > 0. 

/2(0 monotonically decays from 00 to exponentially, as t goes from to 00. lis) monotonically 
grows from -00 to 00 for < 5 < 00. The factor ^exp(-^j = -:^Moip,q), but only for 
p,q > 0. GiMo) inherits some properties of M^: GiMoY^ = fip)giq) is rank-1 like M^ and 
\/-+M,;+ = implies that V +G(Mo)+" = ( ^531) . But G(Mo) doesn't commute with Mo, e or Oo- 

What a s = min(p, q) = 0, which is the boundary of the -i-i- quadrant? From (IllOl ). when s = 0, 
GiMo)pq oc ^Q Tfi~'> which cannot be prescribed a finite valueo GiMo)pq is continuous everywhere 
except along s - Q. It approaches ±00 as 5 ^ 0*. However, its derivative is discontinuous across 
the line p = q. It decays exponentially to zero in all directions except along the positive p 01 q axes. 



^"Recall G{Ma)p^ = j j AxdyM„{x,y)\x-y\e. ''■'"^ *'. For s = 0, an oscillatory phase is absent. As Ma{x,y)\x-y\ ~ x° , 
the integral diverges. The divergence is absent on a space of finite length or for M(x,y) decaying faster at infinity. 
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C.l Interaction operator G(V) in terms of U 



Since V^' = (1351 ) for a tangent to the phase space at the lightest baryon Mo{t), there are some 
simpUfications in Gy(0- Let s - max{p,q), then G{V)pq = -J^. ^Vp+r,q+r- Due to the positive 
support of Mpq , Gy never appears in the com. In the mostly-zero gauge (l43l) 

G(V)p>^ - 2iG {uil/^ - tjju^ + W) ^^ , G{V)p^q - 2iG {ui//'^ - tj/u^ - U'*) ^ . (1 17) 

Of course, u, ip, V, U are all time-dependent. In particular, if m = as in 95.81 we write compactly 

G\^ = 2iG^V, Gy* = -liGj}-^ and Gf - 2i [g^V - G^%) - 2iG^V + h.c. (118) 

D Completing proof that M{t) solves equations of motion 

In 94.21 we studied the time evolution of the baryon states M(t) (l20l) . In the chiral limit, the com is 

^^pq - \^pq (^ - P) + ^Z,{M{t))pq (l33l ). Wc show hcrc that the interaction terms x Z{t) identically 
vanish for our massless states M{t) (Z stands for zero). Recall that 

^(t)pq - ^{^-^)mp,q)-G{Mt)pg{sgnp- sgn q] + [G{Mt), Mr] pq ^ Zi + Z2 + Z3. (119) 

It is seen that Z{t)pq = Z{G)pq exp {^{p - q)t\ . We show here that Zpq = Z{0)pq = 0. Now Mo and 
G{Mo) (£) are real-symmetric, so Zi 2,3(7?,^) are real-antisymmetric. Zi is simplest 

Zrip, s) - 7r(i - i)Mp, = ^e'^'^+^^/^pQ _ i)e(p)^(,). (120) 

Ziip, s) = -G{M)ps{ sgn/7 - sgn s} vanishes in the ps = ++, — quadrants while 

(Z2);- = -2G(M);; and (Z2);,; = 2G(M)p;. (121) 

Since Mo has positive support, Z^ = [G(Mo),MoT' = 0. So Z = 0. What about the other 
quadrants? To proceed, we need G{Mo)pq, from (11121) . In the — 1-, — , -1 — quadrants, 






2 ^£±2) f -)eP/^ + ^Ei{p/P) iip<0,p<q 
-ie^/^ + il 

This is enough to evaluate Z^ , (anti-symmetry determines Z^'^ , while Zj^ = Z^ =0) 

Z+-(;7, 5) - le-(P+^)/2p/ig./p _ ^Ei J^ j j for p>0>s. (123) 

This is also adequate to find Z^" and Z^* . For example, 

Z3-(/p, s)^- J,^[dq]M;iG{MoXj- = -^e-^P^-^)np(^lc^/P _ 1 Ei (a) ). (124) 

We see that Z^ + Z*" = 0. As Z^" = we conclude Z* = 0. By antisymmetry, Z * = 0. 

++ Block: Here Z++ = Z\* + Z\* with Z++ = [G(Mo)^^ M^+J . For Z++ we need G{MoTpq = 

^Q-(p+q)/^P l[min(;7, ^)] ( 11161 ). Antisymmetry allows us to consider < p < s, 

A _ /'+'^ POO _ *? f 

Z++(;7,5) = -^e ^ Jo d^e 7U[min(^,5)] -I[min(/7,^)] 
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4 -Ell 



P{l{s)e-T - l{p)e~T [ + /; dq e'h{q) 



(125) 



'p 
This is anti-symmetric in p, s, so it is valid for all p, 5 > 0. The integral is expressed as 

f;dqe-^'''l{q) - e-W^Ei(f ) - e-'/^Ei(^) , so 

Z','(p,s) = i,e-S?[e-?{Ei(^) -PI(7J)} - {s ^ p)] = ^e"^ (i - i). (126) 

From (I120I126D . Z** = Z|+ + Z^+ ^ 0. So Z(0 = and M{t) 1^ solves the chiral eom. 

E Convergence conditions and inner product on perturbations 

The phase space of QCD^^j°° is the Grassmannian Gri dSHH). To define an integer- valued baryon 
number labelling components of Gri , we need the convergence condition tr [e, M]'''[e, M] < oo , i.e., 
[6, M] is Hilbert-Schmidt. Applying this to M = M„ + V the condition on a tangent vector V is 

2 tr [e, V]\e,Mo] + tr \[€, Vf < <x,. (127) 

The 1st term is for the g.s. M„ = -2t//tl/^ with eifr = ip since [e,Mo] = 0. Decomposing V in 
blocks (|35] ). (11271 ) becomes tr V*'V'^ < oo, i.e., V^' is H-S. Also, tr V** < oo must be trace class 
(§4.1 of [4J). There is a natural positive-definite symmetric inner product iV,V) = tr VV_ on the 
tangent space to Gri if we further assume that V , V^^ are H-S. We use it to define self-adjointness 
of the hamiltonian for linearized evolution in dTTI ). At the baryon g.s. Mg = -2tfrtJ/\ V^' = 0, so 
writing V = i[^o, U] and expressing U in the mostly-zero gauge (|43] ). the inner product is 

{V, V) - tr yy - 251 tr V-^V'- + tr V'^V'^ = 4{U, U)^S%ti [U-^IT- + ui/) . (128) 

F Hermiticity of a linear operator on hermitian matrices 

A transformation U ^-^ K{U) on hermitian matrices must preserve hermiticity. If K{U)pq = K'^Urs, 

this becomes (^" - K^Jp) Urs - V hermitian U . We can't conclude K" - K^''* , this isn't neces- 
sary as U,-s = U*^ aren't independent. We go to a basis for hermitian matrices 

[Rablpq = SapSbq + 5aq5bp, Uab\pq = i [SapSbq " ^aqSbp) , (129) 

and deduce the necessary and sufficient condition^J for K to preserve hermiticity of U 

k\:^'^kI^* and ^^' = -^'*. (130) 

What does it mean for such a A' to be formally self-adjoint? The space of hermitian matrices has the 
inner-product (U, U') = tr UU' . So self/skew-adjointness is the condition 

{KU,U')^±{U,KU') or tr K{U)U' = ±tr UK{U') V ^, ^' hermitian. (131) 

So V hermitian U, U' : Kf^ Uqp U'^, = ± K'p'^ Ugp U'-,. A sufficient condition for K to be self/skew- 
adjoint is (anti-)symmetry under left-right and up-down flips of indices: k'J' = ± A'" . Using (11291 ). 
necessary and sufficient conditions for self/skew-adjointness of K are 

kl"'^^, = ±kl"!}, kl"^J = ±kl''!l and ^i'tl = +^wl- (132) 

[cd] [ao]' [cd] [ah] [cd] \ab] ^ ' 



3 'Here ^i"' = K',' + iff and if J"' = K'^' - Kf[ while ? is iield fixed. 
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G Space of physical states consistent with u -0 ansatz 



The physically motivated ( 95.81 ) ansatz u = led to a hermitian eigenvalue problem for the baiyon 
spectrum (|68] ). We imposed it so that the equation for perturbations around the g.s. (l62l ) admits 
oscillatory solutions via variable separation, by removing simultaneous dependence on both U*' and 
U'^ . U^' : 'H- -^ "7^+ must be H-S (^Ej) and respect the gauge ip^ U^' = and consistency condition 
for u{t) to remain 0. Here we examine ( [66l ). Momentum-dependent phases ( [671) cancel, leaving 



e'^'W-GJitff + 2(1 - P^) (e''^'G^jj\-i^ - e-''^'G\;-,t/f) - 0. (133) 

So the coefficients of e*''^' must vanish, leaving two time-independent vector conditions 

(A): [W-G]^ + 2{r^-P^)G^jj\U = and (B) : {V' - P^)G^jjUifr = 0, (134) 



on a whole operator U*' . We expect a large space of solutions L^^^" . ( 11341 ) says tp is annihilated by a 
pair of operators built from [/+" : another type of orthogonality between ground/excited states. (B) is 
simpler than (A). Introducing an arbitrary n e "K- and A e C, 

(B) : (r^ - P^)G\;-,i(f - o Gj/-+iA = Aif/ + n. (135) 

Let us look for rank- 1 solutions U^' = (prj^ with 0, 77 € 'K+ the sea and anti-quark wavefunctions of 
the meson V bound to the baryon M^. We solve for (p*{x) - ^ (-y^) ■ For (f> to lie in '7Y+, (l>*ix) 
must necessarily be analytic in C^o We ai^gue this requires A - 0. >Jj{x) oc {c - ixY^ doesn't have 
zeros (I20I ). but it has a pole in C~ , which can't be cancelled by either t]{x) or n{x), both of which 
are analytic in C". Thus A = 0, and in particular G(T](p^y*iJ/ = 0: an interaction operator built from 
U annihilates the g.s. So rank-1 solutions of (B) are of the form ((>*{x) - ^{nlrf)" , parameterized 
by vectors n,ri e TY-P^i For e.g., rj = (a + ix)~^ € TY-, n = {a + ix)~'" e "K-, m > 2 and 
(p oc (2Px - i){a - ixy" € ']-(+ is a family of solutions of (B) with P,a > 0. 

We haven't yet solved (A) in such generality. Here we give a restricted class of solutions of (A), 
where each term of (A) is zero. For U^' = (prf we get two conditions on (p and 77 

(Al) <p(rfG-,:j,p) = Q and (A2) {V' - P^)Gl'^,iP ^ 0. (136) 



(Al) ^ rj^Gf^i]/ = 0: the antiquark wavefunction must be ± to G^tAO For P - \, fjp = p{p + 
A74)eP9{-p) is such a function. (A2) o G^^nA - A'lp + m for arbitrary A' eC and m e'H-. (A2) 

resembles (B), but they aren't the same though Gu-+^ - Gu+- . We solve (A2) for ri*{x) - ^ ( '^J''" 1 . 
As before, there are conditions for this 77 to lie in 'H- . But it is possible that (Al) & (A2) form too 
small a class of solutions of (A). We haven't yet combined (A) & (B) to find U^' obeying (11341 ). We 
hope to remedy this in the future. 



'-A necessary (but not sufficient) condition for i/'(p) to be a positive momentum function {tf/ e 'H+ ), is for il/{x) to be 
the boundary value of a function holomorphic in the upper half of the complex x plane C* . 

^'We haven't proved that (f> e 'H+ . There may be more conditions on n, t] to guarantee (p e 'H+ . 

^'^If if/„ is the baryon g.s. (19}, r; must be _L to (G'^i//)p<o = yj^pe^'^ \-y- + ^Ei(p|. {G'^ip)p is +ve and expo- 
nentially decays monotonically from oo to as p goes from to -co. (G'i^i//)p s/l/nP as p — > 0" . To avoid IR 

divergences, fj(p) ~ (-pY for some y > as p — » 0" . 
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